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Abstract

In this paper, we introduce Dual Hybrid Mersenne and Mersenne-Lucas sequences and establish
recurrence relations, generating functions, and Binet formulas for the preceding sequence. Also

verified the above sequences through some widely acknowledged identities and furthered a few

relationships among them.

Keywords: Binet formula, Mersenne sequence, Hybrid sequence, Catalan identity, Dual
sequence

1. Introduction

The most well-known series of positive integers is the Fibonacci sequence. The Lucas, Pell,
and Jacobsthal sequences are only a few of the fundamental structures that can be made using this
series under various initial conditions[5-6]. Marin Mersenne, a French mathematician,
initially introduced a number of the type M,, = 2™ — 1, where n is an integer, in 1644. Various
investigations have been carried out on the Mersenne sequences. Mersenne-Lucas sequences are
defined as ML, =2"+1,n > 2, with MLy, =2,ML; =3. In [1-3], the Mersenne-Lucas
sequences, including its generating functions and Binet formulas were discussed. To know more
about the dual sequence, see [4]. In this paper, dual numbers of the Mersenne and Mersenne-Lucas
sequences are combined with hybrid number system and Dual hybrid Mersenne and Mersenne-
Lucas sequences are produced. The recurrence relations, generating functions, and Binet formulas
for the preceding sequence are established. Also the above sequences are verified through some
widely acknowledged identities and furthered a few relationships among them.

2. Main Definitions and Results

Definition 2.1

The Dual Hybrid Mersenne sequence is defined for any n > 0 by
M, = MH, + MH, ¢, 2.1)
where MH, = M, + M, ;i + My, & + My, 3h is the nt* Mersenne hybrid number.
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Definition 2.2

The Dual Hybrid Mersenne-Lucas sequences are defined for any positive integer n, by

ML, = MLH,, + MLH,; ¢, (2.2)

where MLH, = ML, + MLy ,,i + ML, ;. + ML, sh is the n*® Mersenne-Lucas hybrid
number.

Let M,, = /PH,, + /MH,,,;eand M,,, = /H,,, + /TH,,,1€be two Dual hybrid Mersenne
numbers and A=A; + A,& be a Dual number. Then, the arithmetic operations are defined as
follows:

M, + M, = (/TH,, + /MHy,) + (THy 4 & MHp i q)€

AM,, = A/TH, + (A /TH, 1 + A, /TH,)e

M,,M,,, = /TH, /M,y + (TH, MH 1 + THy 1 TH,)E

Theorem 2.1

The Dual Hybrid Mersenne and Mersenne-Lucas numbers satisfy the recurrence relations

(i) Mp4q = 3M, — 2M;,_4 (2.3)
(i) ML, 44 = 3ML,, — 2ML,,_4 2.4)
Proof

(i) 3M,, — 2M,,_, = 3(/TH,, + /MH, . €) — 2(/TH,_, + /MH,£)
= 3Ty + Myyql + Myyyz8 + Myysh + Mgy + Mol + Myize + My 4h)e)
2y + Myi + My + Mysh
+ (T + M1l + M€ + My 3h)e)
=3My — 2Ny 1+ BMyyyy — 2/M) i+ BMyyy — 2N 1) + 3(Mys — 2/T0,45) R
+ BTy — 20T + By — 2Mys )i + (3Mss — 2/Mysn)e
+ BMpys — 2/My13)h]e
= My + Mol + Mz + My gh + [Mhyyp + Myyzi + My g€+ My shle
= /MH, 1 + /MH,,¢
= M4
(if) 3ML,, — 2ML,_, = 3(/TLH, + MLH, &) — 2(UNLH,_, + MLH,¢)

https://doi.org/10.5281/zenod0.20502507 13
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=3(MNLy + MLyiqi+ MLyyre+ My sh
+ (M1 + MLyl + MLy s+ MLy sh)e) — 2(MLy_q + MLyi
+ MLye+ MLy oh+ (L, + MLy qi+ MLy o6 + MLy, 3h)e)
=3MLy — 2MLy_q + BMLyyy — 2ML) i+ BMLyyy — 2Mhy1)e
+ BMLyyz — 2MLy )R+ [3MLyyq — 2MLy + BMLyyy — 2MLy )i
+ 3Mhpys — 2/MLyy2)e + GMlpyy — 2/MLyy3)hle
= MLyy1+ MLyl + MLyize+ MLyah + [MLyyy + MLzl + MLy 4€
+ ML, shle
= MLHp41 + MLH,, €
= MLp44

Theorem 2.2

The Binet formulae for dual hybrid Mersenne and Mersenne-Lucas sequences are
(1) M, =2"AL —Bu" (2.5)
(ii)) M, = 2"ALA" + Bu* (2.6)
where A =1+ 2i+2%c+23h,B=1+i+e+hA*=1+2sandu*=1+¢

Proof

By using the binet formulae for Mersenne and Mersenne-Lucas sequences, we obtain
(1) M, =MH, + MH, ;¢
=My + Myyqi+ Mpgoe + Myyzh + Myyg + Mpgoi + Myyze + My sh)e
=Q2"-1D+ Q"™ -Di+ Q"2 - De+ Q"3 -Dh+[2"1-1)
+ (2™2 — 1)i + (23 — 1e + (2™* — 1)h]e
=2"(1+4+2i+2%c+23h) — (A +i+e+h)+ 211 + 2i + 22 + 23h)
—(1+i+e+h)]e
=2"(1+2i+2%c+22h) (1 +2e) —(1+i+e+h)(1+¢)
= 2" AL — Bu”
(i) ML,, = /MLH,, + /MLH,, €
=ML, + MLyqi+ Mlyio€+ Mlyzsh+ (Mlypq + MLyl + MLy 36 + ML, 4h)e
="+ 1D+ Q"™+ 1D)i+ Q"2+ De+ "3+ Dh+ [(2"1 + 1) + (22 + 1)i
+ (23 + De + (2™* + 1Dh]e
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=2"(1+4+2i+2%+2%h) + (1 +i+e+h)+ [2"(1 + 2i + 2%€ + 23h)
+(1+i+e+h)]e
=2"(1+2i+2%+2M)(A+26)+ (A1 +i+e+h)(A+e)
= 2"AA* + Bu*

Theorem 2.3

The generating function for the dual hybrid Mersenne and Mersenne-Lucas sequences are

M0+(M1—3M0)x

@) fo, () = 1-3t+2t2

(i) o, () = T
Proof
(1) Since,

fin, () = X2 M; x' = My + Myx + X2, M; X' (2.7

Multiplying (2.7) by —3x and 2x? respectively, we get

—3xfi, (x) = =3x X2 M; x' = —3Mx — 3%, M;_; X', (2.8)

2x% fig, (x) = 2x* 2o M; x! = 2 302 M, X! (2.9)

Adding (2.7-2.9), we obtain
(1 = 3x+ 2x*)fyy, (x)

=M, + M1x+z M; x' — 3Myx — 32 M;_; x!
i=2 i=2

+ 2 Z M;_, x!
i=2

= MO + X(Ml - BMO)

+ X2, [M; — 3M_y + 2M;_,] x'. (2.10)
— Mo+(M; —3Mo)x
Hence, an(x) T 1-3t+2t2
(ii) Since,
g, (X) = 220 ML; x! (2.11)

= MLy + ML;x + Z ML; x!
i=2

Multiplying (2.11) by —3x and 2x? respectively, we get
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—3xgm, () = —=3x X2 ML; x' = —3MLgx — 3 X2, ML;_; X', (2.12)
2x% gy, (t) = 2x% X2 ML; x' = 232, ML;_, X (2.13)
Adding the equations (2.11-2.13), we obtain
(1 = 3x+ 2x*) g, (1)

= ML, + ML;x + Z ML; x' + —3MLgx — 32 ML;_; x'
i=2 i=2

+2 Z ML;_, x!
i=2

= MLO + X(MLl - 3MLO)
+ Z [ML; — 3ML;_; + 2ML;_,]x'
i=2

MLg+(ML;—3MLg)t
1-3t+2t2

Hence, I, (t) =

Theorem 2.4

The exponential generating function for the dual hybrid Mersenne and Mersenne-Lucas
sequences are

Mklk

i) Y%  —X— = A1e? —Bu*e!
(1) k=0, u
k
(if) Nfpg k= = ANe? + Bye!
Proof
. oo IM]klk oo k % % 1k
(1) Zk=OT = Zk:o(z AN —Bu )E
oo (Zl)k % 0 1k %
= Zk:OT‘A A= Zk:o;BH
k
Z}?:o% = Al*e? — B,u*el
.\ woo  MLglK oo . L
(1) Zk:ok_,? = Yieo(2*A X + By );
= Zkondq A+ Zk:oaBﬂ
= ANl*e? + Bu*e!
Theorem 2.5

https://doi.org/10.5281/zenod0.20502507 16
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For any positive integer n, we have
(i) M, + ML, = 2142
(i) M, — ML, = —2Bu"

Proof
(i) M,, + ML,, = 2" AA*—Bu* + 2" AL +Bu*[From (2.5)&(2.6)]
=201 40
(i) M,, — ML, = 2" AA* — Bu* — 2" AL —Bu*
= —2Bu*
Theorem 2.6

For any positive integer n, we have
(i) M, + M, =302")AA" —2Bu"
(ii) ML, + ML,,; = 3(2")AA* + 2Bu*

Proof

() M, + M, = 2"AL — Bu* + 2" 1AL —Bu*
= 3(2M)AN* — 2Bu*.
(ii)) ML, + ML,,; = 2"AX* + Bu* + 2" A1 +Bu*
= 3(2M)AN* + 2Bu".

Theorem 2.7
Let m,n,r &s each be positive integers, then

(i) M,,ML, + MLy,M, = 2(2™*"A421*? — B2u*?),
(ii) M,,ML,, — ML,,M,, = 2(2™AA*Bu* — 2"Bu*AA*), for n = 0,m > 0,
()M 4 MLy s — My sMLy g = 27N — M) (A Bu” + Bu*AL).

Proof

(i) M,,ML,, + ML,,M,,
= (2MAX — Bu*) (2"AL* + But) + (™A + But) (2mAN — Bu*)
— 2(2m+ncﬂ21*2 _ BZ,LL*Z)

https://doi.org/10.5281/zenod0.20502507 17
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(ii) M,,,ML,, — ML,,M,,
= (2MAL* — Bu*)(2"AX* + Bu*) + QMAX* + Bu*) (2"ALT — Bu*)
= 2(2QM AN Bu* — 2"Bu*AX).

(ii1) Ml MLy s — My sMLyp 4
= (2MTAN — Bu*) (2MSAN + Bu®)

—(2MFSAQT — Bu) (2MTALT + Bu)
= 20(M, — M) (AABu* + Bu*AN).

Theorem 2.8 Vajda Identity

For any non-negative integers m, nand r we have
() M Mups — MyMyyypps = 20270, (2°BA — AB)
(i) MLypyrMLyys — MLyMLyyrys = A p 2" 10 (AB — 2°BA)
Proof
(1) M srMypgs = MM i
= (2" AN =B (2 AN —Bu*) — (2hAX —But) (2" AN —Bu)
= ABA'u2™"(1 — 27) + BAW A*2" (2" — 2%)
= —ABX W 2" M, + BAA u*2"sm,
= A*'u 2" M.(2°BA — AB)
(i) MLy MLyys — MLy MLy ss
= 2" AL +Bu) QM AX+Bu*) — RQPAL +Bu) (M AL +Bu’)
= ABA*u* 2" M. — BANX u 2" M,
=A'u 2" M. (AB — 2°BA)
Theorem 2.9 Catalan Identity
For any non-negative integers nand s such that n > s, we have
() My My — M3 = "0 M2"5 (AB — 25BA)

(i1) ML, _ ML, — ML? = A urm2"3(2°BA — AB)
Proof

(i) IMIn—SMIn+s - M%l
= (2P SAN —Bu*) (VS AN —Bu*) — (2"AN —Bu*) (2" AN —Bu*)

https://doi.org/10.5281/zenod0.20502507 18
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= ABA U (=275 + 2™) + BAW A* (=25 + 21)
= ABA W M2"S — BAu* A* M2"
= VU M2"S(AB — 25BA)
(1) MLy, sMLyys — ML%‘L
= (2"SAN + Bu*) (2" AL +Bu*) — (2MAN +Bu) (2N AL +Bu*)
= ABA (275 — 21) + BAW A*(2"+S — 2n)
= —ABM2" SV u* + BAu A M2"
= VU M2"S(25BA — AB)

Theorem 2.10 Cassini Identity

For any positive integer n,
(1) M My yq — M = 2" 2" 1 (AB — 2BA)
(i) ML,_ ML, — ML = 2*u*2""1(2BA — AB)

Proof

(1) M, My — M7
= Q" 1A —Bu) (2" 1AL —Bu*) — (2" AN —Bu*) (2" AN —Bu*)
= ABXp* (=21 + 2™) + BAu*A*(—2"+1 + 21)
= A*u* 2" 1(AB — 2BA)

(i)  MLp_ MLyyq — ML
= Q" AN +Bu*) (2" AN +Bu*) — QPAN +Bu*) (2N AN +Bu*)
— ABA*#*(an —2M) + 'Bc/l‘u*l*(Z"” —2m)
= u2"1(2BA — AB)

Theorem 2.11d’Ocagne Identity

For non-negative integers mand n, such that m > n, we have
(1) My 1My = MMy = A'w"(2™BA — 2" AB)
(i) ML, ML, —ML,ML,,;; = A0 (2" AB — 2™BA)

Proof
(i) IMln+1MIm - IQ’/HnMIrrHl
= (2" LAV =B 2MAN —Bu*) — (2"AN —Bu*) (2™ AN —Bu®)

https://doi.org/10.5281/zenod0.20502507 19
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= ABA*u* (=21 + 2™) + BAp*A*(—2™ + 2m*1)
= A"u"(2™BA — 2"AB)
(i1) MLy MLy, — MLy MLy 44
= Q"M AN+Bu) QM AN +Bu*) — RQPAN +Bu*) (2™ AN +Bu*)
= ABA*u* (2" = 2™) + BAu*A* (2™ — 2™m*1)
= A"u*(2"AB — 2™BA)
Theorem 2.12 Honsberger Identity
For any positive integer m and n, we have
(i) M,y M,, + M,,M,,; = 5(cA)?(A")22™M+""1 — 3ABA* u*2m1 —
3BAU*A*2" + 2(B)?(u*)?
(i) MLy, MLy, + ML,ML, ., = 5(A)?(1*)22™*""1 4+ 3ABA* u* 2™ 1 +
3BAA*2™ + 2(B)?(u*)?
Proof
(i) M,,_ M, + M,,M,,,; = Q™ LA —Bu*) (2" A1 —Bu*) +
QMAN —Bu*) (2" AN —Bu*)
= 2M1(A)2 ()2 — AB2™ I Ut — BA2 W A* + (B)? (u*)?
+2MH (A2 (X)? — AB2M At — BA2™ At + (B)?(u*)?
= 5(A)2(A)22m*t 1 — 3ABA 2™ — 3BA A 2™ + 2(B)? (u*)?
(ii) ML,,_{ML, + ML,,ML, ., = 2™ YA1*+Bu*) 2" A *+Bu*) +
MmAX +Bu*) (2" A +Bu®)
= 2ML(A)2 (A2 + AB2™ IV U 4+ BA2M W AT + (B)? (u*)? + 2™ H1(A)2(A%)?
+AB2MA U 4+ BA2M A + (B)?(u*)?
= 5(A)2(1)22m*t "1 4 BABA 2™t + 3BA A 2™ + 2(B)? (u*)?
3. Conclusion

In this paper, we have introduced new integer sequences, named the Dual Hybrid Mersenne

and Mersenne-Lucas sequences. We obtained the Binet’s formulas and generating functions for

https://doi.org/10.5281/zenod0.20502507 20



Gongcheng Kexue Xuebao || Volume 11, No.06, 2026 || ISSN 2095-9389

these sequences. Also verified the above sequences through some well-known identities and a

few relationships among them are presented.
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